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Coding of Logic

Ground Set    ℕ = {1,2…∞}

Functions, multivariate x
1
+x

2 (*)

Formulas x
2
=2 x

1 (*)

Propositions (x
1
=2 *x

2
) ∨  ∦ (2=3 * x

2
)

Quantified Propositions ∀x
1
.(x

1
+1)*(x

1
-1)=x

1*x
1
-1

                             ∃x
1
.x

2
+1=x

1

(*) expressions like this are not fully defined in the original paper, but feasable



 

Sept/8/2012 Goedel's Proof Programmed 3 / 16

Alphabet

Alphabet ={0 1 
 
succ ( ) x

1

i … x
n

i

 
 = ∃ ∀ }

(0=false 1=true)  (also 1 ∈ ℕ) 

Terms ⊆   ℕm → ℕ  m ∈ [1,4]

⊆   ℕm →        “
⊆   m →               “

Syntax regular? Yes, it's a term language with
 a finite number of functions!

Axioms coded in own language, see above
predicate x is an axiom



 

Sept/8/2012 Goedel's Proof Programmed 4 / 16

Coding of Characters
0 succ ∦ v

1 3 5 7

∀ ( )

9 11 13

x
1

x
2

...

17 19

class x
1

class x
2

...

172 192

...
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Some propositions
Sequence  ≈ indexed set

 |  concatenation of sequences

FV(x
1
,x

2
) x

1
 is a free variable in sequence x

2

BV(x
1
,x

2
) x

1
 is a bound variable in sequence x

2

Sub(a,b,e,r) substitute a by b in e yielding r

Ax(x
1
) sequence x

1
 is an axiom

...
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Programming

∃ bounded existence, x
i
 ∈ [low,high]

∀ bounded for all, x
i
 ∈ [low,high]

Therefore and because of  ground set  ℕ

all propositions are finitely evaluable!

                    ⇒   propositions 1 … 45 can be
                           enumerated in for loops

   with a stack (for Pr and n!)
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Proposition Macros
NAT natural numbers arithmetic

#define EXISTS(v,low,high,cond,res) \
 {NAT v; for(v=low;Le(v,high);v=Add(v,ONE)) { \
   if (cond) RESULT(res)}}

#define FORALL(v,low,high) \
 {NAT v; for (v=low;Le(v,high);v++) {

… <proposition>

#define ENDFOR }}
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Prover Systems

Code for the Proof Assistants (like Isabelle) can be generated from the 
46 macros.

These macros

BOOLFUN1(Prim,x,"x is a prime number")
  CASE(Eq(x,ONE),TRUE)
  EXISTS(z,TWO,x,And(Ne(z,x),divisible(x,z)),FALSE);
  RESULT(TRUE)
FIN

can generate

Lemma “Prim n” “ALL n::nat.NOTEX m::nat.((m<n)
 AND (NOT divisible(n,m)))”;
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Function Macros
#define BOOLFUN1(f,p1,man) \
  void MAN##f(void) {manpage(#p1,man);}   \
  BOOL f(NAT p1) { \
  BOOL erg=FALSE; long funlevel=level; \
  startout(#f);startout(p1); {
    …
  FIN

#define NATFUN1(f,p1,man) \
  void MAN##f(void) {manpage(#p1,man);}   \
  NAT f(NAT p1) { \
  NAT erg=ZERO;  long funlevel=level; \
  startout(#f);argout(p1); {
   …
  FIN
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Sketch of Proof
1...42    prim. recursive functions
                           (NAT, BOOL, for loops)
3,4 recursive functions,  all others are enumerations 
43 Fl(x1,x2,x3)     x1 ∧ x2 → x3

44    Bw(x1)        x1 is a formal proof
45    Bew(x1,x2)     x1 proves x2

46 unknown if prim. recursive

                Bew(x
1
) <=>  ∃ proof x

2
 ∈ *

                           for sequence x
1

                  x
1
:  proposition, sequence of chars ∈ *
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Live - Help Function
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Live – Simple Functions
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Live – Specification
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What has been done?
What's planned?

Achieved

Implementation of functions 1..46
Execution of functions 1..7 for small n
Others partially with small n

Planned

● Extension to 64bit  (memory > 4GB)

● porting to fast machines (functions >7)

● Optimize Loops, local and interprocedural

● Improve quality (CMMI 4)
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Recursive Functions

//--------------------------------------
//  3. Function (2 parameters)
//--------------------------------------

NATFUN2(Pr2,n,x,"the n-th prime number contained in x")
  CASE(Eq(n,ZERO),ZERO)
  EXISTS(y,Add(Pr2(Sub(n,ONE),x),ONE),x,And(Prim(y),divisible(x,y)),y);
  RESULT(ZERO)
FIN

//--------------------------------------
//  4. Function
//--------------------------------------

NATFUN1(Fac,n,"faculty of n")
 CASE(Eq(n,ZERO),ZERO)
 CASE(Eq(n,ONE),ONE)
 RESULT(Mul(n,Fac(Sub(n,ONE))))
FIN

The only functions, which need a memory (stack)
The other functions are mere enumerations.
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...and now

thanks for listening!
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